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Abstract 
Cyclic arcs (defined by Storme and Van Maldghem, [1994]) and pseudo- cyclic MDS codes 
are equivalent objects. We survey known results on the existence of cyclic arcs. Some new 
results on cyclic arcs in PG(2, q) are also given. 
1. Introduction 
Let PG(r, q) denote the r-dimensional projective space over the Galois field Fq of 
order q. An n-arc in PG(r,q), n >~ r + 1, is a set K of n points such that no r + 1 
points of K are on a hyperplane. An arc K in PG(r, q) is complete if there exists no 
point go E PG(r,q)\K such that KU{go} is also an arc. An n-set L in PG(r,q) is cyclic 
if L is fixed by a cyclic projective group, i.e., a cyclic subgroup of PGL(r + 1, q), of  
order n which acts transitively on the points of L. Clearly, a cyclic set is one of the 
orbits of some cyclic projective group. 
Let C be an In, k]q-code, that is a linear code of length n with dimension k over 
Fq, k >~ 3. C is maximum distance separable (MDS) if the minimum Hamming 
distance of C is n - k + 1. Let • be a fixed nonzero element of Fq. A code C is 
s-cyclic if (xl,x2 ... . .  xn) E C implies that (~xn,xl,x2,...,x~_l)E C. A code C is called 
pseudo-cyclic (or semi-cyclic) if C is c¢-cyclic for some ~ E Fq\{0}. 1-cyclic codes are 
simply called cyclic. 
Let K be a cyclic n-arc in PG(k - 1,q), k >~ 3, fixed by a cyclic projective group 
G of order n which acts transitively on the points of K. Let a be a generator of G. 
Taking a point go of K, we have K={go °J I i - -1,  2 . . . . .  n}. Let go=P(P)  and a=P(T) ,  
i.e., let P EFq k and T E GL(k,q) be representatives of go and a, respectively. Denote by 
Hr, e the k×n matrix [te,t (pT)t  (pT 2) ..... t(pTn-l)], where tS denotes the transpose 
of S. Then, in [12, Theorem 2], the [n ,n-  k]q-MDS code with the parity check matrix 
* Correspondence address. Aichi Pref. Women's Junior College, Mizuho, Nagoya, 467, Japan. E-mail: 
QAJ65715@pcvan.or.jp. 
0012-365X/97/$17.00 (~) 1997 Published by Elsevier Science B.V. All rights reserved 
PII S0012-365X(96)00334-2 
200 T. Maruta / Discrete Mathematics 174 (1997) 199-205 
Hr, p is pseudo-cyclic. Conversely, we obtain a cyclic n-arc in PG(k -  1,q) from a 
pseudo-cyclic In, n -  k]q-MDS code. Hence, cyclic arcs and pseudo-cyclic MDS codes 
are equivalent objects. 
Recall that an s-cyclic [n, n -  k]q-code can be identified as an ideal of the residue 
class ring Fq[x ] / (x  n - 0~) with the generator polynomial of degree k [12]. Let C be a 
pseudo-cyclic [n, n -  k]q-MDS code with the generator polynomial g(x). We denote by 
Tg the companion matrix of g(x). Then Hr~,Po is a parity check matrix of C, where 
P0 = (1, 0 .... ,0) [12, Theorem 3]. Hence, the n-set Kg of PG(k - 1,q) given by n 
columns of Hr,,Co forms a cyclic n-arc in PG(k -  1, q). 
Let K be a cyclic n-arc in PG(r,q) with K - -  {go ~i] i= 1,2 . . . . .  n}, a=P(T) ,  
go E PG(r,q). Then K is projectively equivalent to Kg, where g(x) is the characteristic 
polynomial of T by [12, Theorem 4]. Therefore, we only consider cyclic n-arcs Kg 
with the generator polynomial g(x ). 
In the next section we survey known results for the existence of cyclic arcs which 
were obtained with a coding theoretical pproach, although (6)-(8) of Theorem 2.3 are 
new results. In Section 3 we study the completeness of cyclic arcs in PG(2,q). Some 
new complete cyclic arcs in PG(2, q) are given. 
2. Existence of cyclic arcs 
In this section we survey the existence of cyclic arcs translated from results in coding 
theory. It is well known that the group of projectivities fixing a normal rational curve 
is a sharply 3-transitive group isomorphic to PGL(2, q). Hence, as cyclic subsets of a 
normal rational curve we can find cyclic n-arcs in PG(r, q) when nlq±l or n = p. 
Theorem 2.1 (Krishna and Sarwate [10], Maruta [12], Pedersen and Dahl [16] and 
Rocha Jr [17]). A cyclic n-arc in PG(r,q), q__ph with p prime, exists if q___d:l modn or 
i fn - -p .  
To avoid the previous cases we assume that q = ph, p prime, satisfies q~q- 1 mod n 
and n ~ p. Note that cyclic n-arcs in PG(r, q) are projectively unique if each of the gen- 
erator polynomials is irreducible or has an irreducible factor of degree r over Fq [15]. 
Theorem 2.2 (Maruta [13,14]). Except for finitely many primes p, there exists a 
cyclic n-arc in PG(2,q) i f  and only if one of the following conditions is satisfied: 
(i) n = 8t, q-4t  - 1 mod n for some integer t, 
(ii) n[q 2 + q + 1, n < q - 1. 
We say a cyclic arc in PG(2,q) is of type I (resp. II) if it satisfies the above (i) 
(resp. (ii)). The generator polynomial of any cyclic arc of type I has irreducible factor 
of degree two, and the generator polynomial of any cyclic arc of type II is irreducible 
over Fq [13]. We obtain the exceptional primes p of Theorem 2.2 for some small n. 
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Theorem 
and only 
(l) p 
(2) p 
(3) p 
(4) p 
(5) p 
(6) p 
(7) p 
(8) p 
2.3. There exists a cyclic 8t-arc in PG(2, q) with q = ph=-4t - 1 mod 8t if 
if 
4t -  1 for t = 1,2,3, 
47,79for t =4, 
19,59for t= 5, 
23, 71,263 for t = 6, 
3,83for t=7,  
31,223,607,2207, 12511 for t = 8, 
ll,107,179,467 for t=9,  
919, 1879,3079, 19079for t = 10. 
Proof. (1)-(5) are from [13,14]. (6)-(8) are new results. We prove the case (7). 
(Others are proved similarly.) By [14, Lemma] there exists a cyclic 8t-arc in PG(2, q) 
~--~2t -- 1 (4t~x2t_l-- j of type I if and only if the resultant of qS(x) = x 2t + 1 and ~b(x) = ~_-,/=z ~z# 
is nonzero. Calculating the resultant R of ~(x) and ~O(x) for t = 9 by the Euclidean 
algorithm we obtain R ¢ 0 if p ¢ 11,107, 179,467,8165411. Since we have 
(q~,~O)=x6+ 1 for p=l l ,  
(~b, lp) =x  8 +x  6 +3x  4 +x  2 + 1 - 18(x 7 +x  3 +x)  for p = 107, 
(q~,ff) =x  6 - 33x 4 - 33x 2 + 1 for p= 179, 
(q~,t~)=x 4 + 185x 3 + l l l x  2 + 185x + 1 for p=467,  
(q~,ff) = 1 for p = 8165411, 
we conclude that the exceptional primes are 11, 107, 179 and 467. [] 
As for cyclic arcs of type II we have complete (q2 _q+ 1 )-arcs in PG(2, q2) presented 
in [9], see also [3], 
Theorem 2.4 (Maruta [13, 14]). There exists a cyclic n-arc in PG(2,q), q = ph of 
type I[ with 
(0) n = q - x/q + 1, q(~> 9) square, 
(1) n=7, q~2,4mod7,  pC2,  
(2) n=13,  q~3,9modl3 ,  p~3,  
(3) n=19,  q-=-7,11modl9, p~7,11 ,  
(4) n = 21, q -~ 4,16rood21, p ¢ 2. 
Theorem 2.5 (Maruta [15]). I f  there exists a cyclic n-arc in PG(3,q), then one of the 
following conditions is satisfied: 
(i) n[q2 + q + l, (n,q -1 )= l, 
(ii) q2=_  l modn, n odd. 
The generator polynomial of any cyclic arc satisfying Theorem 2.5(i) has the irre- 
ducible factor of degree three, and the generator polynomial of any cyclic arc satisfying 
Theorem 2.5(ii) is irreducible over Fq [15]. 
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Theorem 2.6 (Maruta [15]). There exists a cyclic arc in PG(3, q),q = ph, with 
(1) n=7,  q- -2,4mod7,  p#2,  
(2) n=13,  q=3,9mod13,  p~2,3 ,  
(3) n=13,  q=+5modl3 ,  p#2,5 ,  
(4) n = 17, q = +4mod 17, p # 2, 13, 
(5) n--25, q -+7mod25,  p#7,13 .  
The above (1) and (2) are examples of Theorem 2.5(i) and (3)-(5) are exam- 
ples of Theorem 2.5(ii). (1) is obtained from Theorem 2.4(1) by the orthogonal 
duality. 
Problem 1. Does a cyclic (q2 _q  + 1)-arc in PG(3, q2) exist when q > 3? Indeed, it 
exists for q = 3 but not for 4 ~< q ~< 13. 
Theorem 2.7 (Maruta [15]). I f  there exists a cyclic n-arc in PG(4,q), then one of the 
followin9 conditions is satisfied: 
(i) q _-- 4t - 1 modn = 8t for some integer t, q odd, with /#4t  - 1 (1 ~< g ~< h), 
(ii) q2=_  1 modn, n odd, 
(iii) n[q 4 + q3 + q2 + q + 1. 
The generator polynomial of any cyclic arc satisfying Theorem 2.7(i) has two 
irreducible factors of degree two, the one satisfying Theorem 2.7(ii) has the irre- 
ducible factor of degree four, and that satisfying Theorem 2.7(iii) is irreducible over 
Fq [15]. 
Theorem 2.8 (Maruta [15]). There exists a cyclic n-arc in PG(4,q), q = ph, with 
(1) n--8, q- -3mod8,  p#3,  
(2) n=16,  q -7modl6 ,  p#7,23,71,  
(3) n=13,  q - -+5modl3 ,  p#2,5 ,  
(4) n=l l ,  q -3 ,4 ,5 ,9modl l ,  p#2,3 ,5 .  
The above (2)-(4) correspond to (i)-(iii) of Theorem 2.7, respectively. (1) follows 
from Theorem 2.3(1) by the orthogonal duality. 
Problem 2. Prove the existence theorems for cyclic arcs in PG(r,q), r t> 3, as in 
Theorem 2.2. As for r = 3, prove that there exists a cyclic n-arc in PG(3, q) if and 
only if one of the conditions in Theorem 2.5 is satisfied except for finitely many primes 
p. Theorems 2.6, 2.8 and the following classical results are corroborating a possible 
proof. 
Theorem 2.9 (Assmus Jr. and Mattson Jr. [1]). I f  n is a prime number, then any cy- 
clic n-set in PG(r, q), q = ,oh with p prime, is an arc except for finitely many 
primes p. 
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Table 1 
Examples of complete cyclic n-arcs in PG(2, q) 
n q Generator polynomial Type 
7 I1 x 3 + 5x 2 + 4x -- 1 lI 
8 11 (x -  1)(x 2 ÷ 3x-  1) 1 
13 29 x 3 -5x  2 -  15x- 1 lI 
16 23 (x -  1)(x 2 -4x -  1) 1 
21 37 x 3+ 17x 2 -2x+4 1I 
24 59 (x - l)(x 2 + 39x - 1 ) I 
40 139 (x - 1 )(x 2 - 9x -- 1 ) I 
56 139 (x - l)(x 2 + 10x - 1) I 
56 251 (x - 1)(x 2 + 84x - I) 1 
72 251 (x -  1)(x 2 + 72x- 1 ) 1 
80 199 (x - l)(x 2 + 30x - 1) 1 
3. Completeness of cyclic arcs in PG(2, q) 
We give some new results on the completeness of cyclic arcs in PG(2, q), which 
were firstly studied in [18]. 
A conic V(x 2 -XlX2) in PG(2,q), q odd, is a complete cyclic (q + 1)-arc. Since we 
have already known the existence of a complete cyclic (q - ~ + 1)-arc in PG(2, q), 
q a square, we assume from now on that n ¢ q + 1, q - x/~ + 1. Then cyclic n-arc 
in PG(2,q) must be of type I or II in Theorem 2.2, see [18]. We give some examples 
of  complete cyclic n-arcs in PG(2, q) with n ~ q - x/q + 1 (Table 1). In Table 1, the 
cases of  (n ,q)=(7,  11), (21,37), (8, 19), (16,23), (24,59) are already known [18]. From 
Theorems 2.3, and 2.4, one can construct cyclic n-arcs for some small n. The author 
used a computer to check i f  each of  them is complete or not. (The program is available, 
on request, from the author.) Note that the generator polynomial x3 ÷ 17x 2 - 2x + 4 
for (n,q)- - (21,37) is a factor of  x 21 -7 ,  which generates a 7-cyclic [21, 18137-MDS 
code. All of  the other generator polynomials generate cyclic MDS codes. 
Theorem 3.1. Let K be a cyclic n-arc in PG(2, q) of type L I f  q >1 n2/4, then K is 
incomplete. 
Proof. Let K be a cyclic n-arc in PG(2, q) of  type I with the generator polynomial 
g(x). Since g(x) has a linear factor over Fq, there exist a point Q and a line M, which 
are fixed by G -- (a), a = P(Tg). Clearly, K does not contain Q nor any point on M. 
Let L be a bisecant of  K meeting M in the point R. Suppose Q ~ L. Since Q ~ M and 
since a n/2 fixes M point by point, (see [18, Section 4]), every line through Q meeting 
K must be bisecant of  K, and we have R C L°~'2(¢ L). Hence K, is incomplete if 
1 (2  ) 2)  n q+l>~(  - +~.  
This completes the proof. [] 
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Theorem 3.2. Let K be a cyclic n-arc & PG(2, q) of type II. I f  q >1 n(n - 3)/2, then 
K is incomplete. 
Proof.  Since q2 + q + 1 is odd for every prime power q, it is straightforward from 
[6, Theorem 9.1.12]. [] 
Theorem 3.3. (1) There exists a complete cyclic 8-arc of type I iff q = 11. 
(2) There exists a complete cyclic 16-arc of type 1/ f f  q = 23. 
(3) There exists a complete cyclic 24-arc of type I tff q = 59. 
(4) There exists no complete cyclic 32-arc of type L 
Proof. By exhaustive research using a computer, no cyclic n-arc of  type I in PG(2, q) 
is complete for (n,q) = (24,83), (24, 107), (24, 131), (32,239). Hence, (1) - (4)  follow 
from Theorems 2.3, and 3.1 and Table 1. [] 
Theorem 3.4. (1) There exists a complete cyclic 7-arc of type H with n ¢ q -  v/~ + 1 
t f fq= 11. 
(2) There exists a complete cyclic 13-arc of type II with n ~ q -  x /~+ 1 / f fq - -29 .  
Proof.  Since no complete cyclic 13-arc exists in PG(2,61) ,  (1) and (2) are obtained 
by Theorems 2.4 and 3.2 and Table 1. [] 
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